We analyse the structure of solutions of the Ginsparg-Wilson relation for lattice Dirac operator in topologically trivial gauge sector. We show that the properties of such solutions relating to the perturbative stability of the pole of the fermion propagator as well as to the structure of the Yukawa models based on these solutions are solely determined by the non-local chirally invariant part of these Dirac operators. Depending on the structure of this part, the pole in the fermion propagator may or may not be stable under radiative corrections. We illustrate this by explicit examples.
Introduction
The Ginsparg-Wilson (GW) relation [1] for lattice Dirac operator opens very interesting new possibilities for formulation of vector gauge theories, in particular QCD, on a lattice [2] - [6] . In its simplest form the GW relation reads as
where D is the lattice Dirac operator and r is a nonzero real parameter (the lattice spacing a is set to one). It is commonly regarded that equation (1) by itself ensures two crucial, and usually mutually exclusive, properties of the operator D: the absence of additive mass renormalization and reproducing correct anomaly, in particular the Atiyah-Singer index theorem. However, as shown in [7] , only the GW relation itself is not sufficient to guarantee that any D satisfying it reproduces the index theorem on the lattice. A necessary condition for the solutions D of eq. (1) to have nonzero index in topologically nontrivial sectors has been formulated in [7] . In topologically trivial sector the general solution of eq. (1) is given in terms of the chirally invariant Dirac operator D c [7] :
In this paper we demonstrate that although the form (2) forbids the additive mass corrections in the fermion propagator determined by D, it does not ensure the perturbative stability of the pole of the propagator. As we show, the question whether the pole is stable under radiative corrections or not is determined solely by the structure of chirally invariant operator D c . We illustrate this by explicit examples. We also show that in the absence of gauge interactions the Yukawa models formulated by Lüscher [4] with the GW-Dirac operators D are equivalent to the ordinary Yukawa models defined with the corresponding operators D c . In section 2, we discuss the basic properties of D c and consider three explicit examples for which the operator D for free fermions is local in the continuum limit. In section 3 we examine the fermion self-energy determined by these operators, and in section 4 discuss the Yukawa models. Section 5 is a summary. [9] . At present we know only three examples of explicit D c whose Fourier transform in the free fermion limit has infinite discontinuities.
(I) The first example is the action proposed by Rebbi in [10] :
D c (p) is singular at those points at the boundary of the Brillouine zone where the naive Dirac operator iγ µ p µ has zeroes which produce species doubling. In the presence of gauge field, D c takes the form
where
, F µν is a lattice transcription of the field tensor, c is a constant which in [10] has been chosen equal to 1/2, and {A, B} = AB + BA.
(II) The second example is the Dirac operator which follows from the construction of the fermion path integral for the Weyl ordering [11] :
In this case D c (p) is singular at the whole Brillouin boundary. In the position space it can be written in the form
(III) Our third example is the chirally invariant operator D c deduced from the overlap-Dirac operator proposed by Neuberger in [3] . This D satisfies eq. (1) for r ∈ (1/4, ∞) and therefore has the form of eq. (2) with
where M ∈ (0, 2) is intrinsic parameter of the formulation related to r as (8) has singularities at the same points of the Brillouin boundary as Rebbi's operator (3). In the presence of gauge interactions, D c can be written as
where D W is the Wilson operator with negative mass −M,
In terms of the unitary operator V , eq. (2) takes the form
3 Fermionic self energy
General structure
When D is nonsingular, eq. (2) is equivalent to
Then the fermion propagator in the presence of dynamical gauge fields is
where the brackets denote normalized averaging over all topologically trivial gauge configurations. In order to simplify the analysis of self-energy operators, we limit ourselves to the quenched approximation, i.e. detD = 1 in the measure of averaging in (13) . Then in the momentum space the full propagators D −1
and D
−1 c
can be written as
where Σ GW (p) and Σ c (p) are the fermion self-energy operators related to the Dirac operators D and D c , respectively. Since D(p) and D c (p) vanish at p = 0, it follows from (13) and (14) that at p → 0
Operator D c is chirally invariant, so is Σ c . This implies that it contains only odd combinations of γ-matrices. In the simplest case one has
If Σ c (0) = 0, the poles in the propagators are not shifted, and radiative corrections lead only to a renormalization of the fermion wavefunctions. However, because of the nonlocality of D c , Σ c (0) may not be always zero. Then the poles of both propagators are shifted, and in D −1 a scalar additive term
is generated. In the perturbation theory Σ = n g 2n Σ (2n) , and in the lowest order one has Σ (2)
So there is no δm generated in the lowest order in the perturbation theory, however the pole still may be shifted.
Σ(0): one loop analysis
In the perturbation theory one has
where in the momentum space D (1, 2) can be written in the form
where C 2 is the Casimir operator, and ∆ µν comes from the gauge field propagator; in the covariant gauge it has the form
In (21) the first term in the integrand is the lattice counterpart of the continuum self-energy diagram, while the second term corresponds to the tadpole diagram, and they are denoted by Σ 1 and Σ 2 , respectively. ¿From the Ward identities for the vertices
it follows that Σ (2) (p → 0) does not depend on gauge fixing parameter α in (22), so we fix the Feynman gauge α = 1.
The explicit form of the vertices for each of our examples are derived from the corresponding expressions for the operator D through the expansion (19). By virtue of relation (18) one can instead of D use only its chirally invariant part D c . Except for the operator in eq. (7), the explicit expressions for the vertices are quite cumbersome, so we present here only the results for Σ (2) (p → 0).
(I) D c in eq. (4): In this case we can use the results obtained in [12] . Then we get
where A and B are certain finite momentum integrals. B is determined by the c-part in eq. (4) and depends on the lattice transcription of the field tensor F µν . It is evident that we cannot obtain Σ GW (0) = 0 4 . In this case it is the result of cancellation of nonzero Σ GW 1 (0) and Σ GW 2 (0):
Σ(0): mean field estimate
Let us estimate now Σ(0) in a mean-field approximation in which U m,m±μ = U = const. < 1 and F (U) = F ( U ) for any matrix F (U). This approximation corresponds to the summation of certain subsets of the tadpole diagrams in the Feynman gauge. We have no illusions about its accuracy, however we find it quite instructive. For our examples we have:
(I) Σ c (p → 0) has the same form as the r.h.s. of eq. (24) with A = 2(1/ U −1), and B = 0. From eq. (17) it follows that δm = 1/r for any U < 1.
(II) Σ c (0) = 0, δm = 0 for any U < 1.
Note that this result agrees with that obtained in the domain wall fermions in [14] , as well as with the reasonings of ref. [15] .
Yukawa models
General solutions of the GW relation in terms of the chirally invariant operator D c given in (2) suggests a simple interpretation of the chirally and flavour invariant construction of Yukawa models proposed in [4] . In this secton we turn off the gauge interactions. The fermion action in this formulation is defined as
where Φ = 1 2
(1 −γ 5 )φ is the Higgs field, y is the Yukawa coupling, and χ, χ are auxiliary non-propagating fermion fields. This action is invariant under the following infinitesimal variations
where α is an infinitesimal global parameter which may be nontrivial in the flavour space. Making obvious change of variables and taking into account eq.
(2) we obtain
where C is irrelevant constant, and the action S ′ is chirally invariant in the usual sense, i.e. invariant under the variations
Thus, the Yukawa model (27) with GW-Dirac operator D is equivalent to the usual Yukawa model with the chirally invariant Dirac operator D c . System (29) can be easily examined within the mean-field approximation developed in [16] . In particular, in the case of φ † φ = 1 and scalar hopping parameter κ ≥ 0 its critical lines in this approximation are determined by only two constants
(for more detail see [16] ).
Summary
We have demonstrated that in topologically trivial sector some important properties of a Dirac operator D satisfying the GW relation (1) are determined by the non-local chirally invariant Dirac operator D c introduced in (2) . In particular, in the absence of the gauge interactions the Yukawa model constructed by Lüscher [4] is shown to be equivalent to the ordinary Yukawa model defined with the operator D c . In addition to the overlap-Dirac operator [3] , we constructed two new explicit solutions of the GW relation and examined the fermionic self-energy operators of these three operators respectively. We demonstrate that a lattice Dirac operator D satisfying the GW relation does not necessarily provide the perturbative stability of the pole of the fermion propagator, and this property solely depends on the structure of the corresponding chirally invariant Dirac operator D c . Among the three examples we have considered only two [ eqs. (7) and (9 ] maintain perturbative stability of the pole of the fermion propagator, while the operator eq. (4) fails without fine tuning the parameter c, see eq. (24).
On the other hand, in the topologically non-trivial sectors, the necessary condition for a Dirac operator D satisfying GW relation to have non-zero index is det(1 − rD) = 0, that is equivalent to the non-existence of the chirally invariant operator D c in topologically nontrivial gauge field background [7] . This condition is satisfied only by the D c of the overlap-Dirac operator (9)-(11) (for more detail see [5] , [7] ). We also note that in two-dimensional gauge models operators D c in (4) and (7) have no genuine zeromodes in topologically non-trivial sectors, similar to that of the naive Dirac operator [7] . This work is supported by the National Science Council, R.O.C. under the grant number NSC87-2112-M002-013.
